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Abstract— This work addresses the design and implementation of a filter that estimates the orientation of the
body-fixed z axis and the velocity of a quadrotor UAV
from the inertial measurement unit (IMU) given a known
yaw. The velocity and attitude estimation is possible since
the filter employs a linear drag model measuring the drag
forces on the quadrotor through the IMU. These forces are
functions of the robot’s velocity and attitude. In addition,
the filter estimates the linear drag parameters and thrust
coefficient for the propellers. These parameters may be fed
back into a controller to improve tracking performance.
Experimental results are used to validate the proposed
approach.

I. I NTRODUCTION
Micro Aerial Vehicles (MAVs) equipped with onboard
sensors can help humans in a variety of different applications such as search and rescue [1], manipulation [2],
[3], transportation [4], exploration [5], inspection [6],
and monitoring [7]. Onboard exteroceptive sensors such
as LIDAR [8] and cameras are generally used to estimate
the state of the vehicle for navigation purposes. Specifically, cameras are useful sensors to estimate the velocity
of the platforms using methods such as optical flow [9]
and visual-inertial odometry [10]. However, these sensors may be subject to failure and in many applications it
is not possible to use them due to computational and/or
payload constraints. Furthermore, certain environments
make it challenging or impossible to use them. In these
environments, the MAV must rely on other sensors
for its odometry, such as an inertial measurement unit
(IMU), which contains accelerometers, gyroscopes, and
sometimes a magnetometer. IMUs are now available on
most quadrotor platforms.
This work describes the algorithm design and implementation of an attitude and velocity estimator for
quadrotors that only requires an IMU and a known yaw
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Fig. 1: The Ascending Technologies Hummingbird used
in our experiments.
angle. This filter incorporates a linear drag model to
concurrently estimate the velocity, aerodynamic model
parameters, and accelerometer biases. We outline a Riemannian unscented Kalman filter (UKF) that estimates
the tilt component of the attitude on the 2-sphere.
Riemannian UKFs are described generally in [11].
Previous works have addressed the use of accelerometers for state estimation and control of quadrotors. In
[12], authors developed a detailed model for a quadrotor
that includes aerodynamic effects and used the estimated
values for feedback control of a quadrotor. Although
the model introduced in this work is simpler than
that proposed in [12], it still captures the predominant
aerodynamic effects on the quadrotor at low to moderate speeds. The authors in [13] incorporated the IMU
measurements into an extended Kalman filter (EKF)
framework to estimate the quadrotor’s roll and pitch and
the velocity projected onto the horizontal plane of the
body-fixed frame of the quadrotor. The authors in [14]
reach this result, and they estimate the drag coefficient as
well. In the previous works, the vertical velocity in the
body frame cannot be estimated because there is not an
explicit model relating the accelerometer measurement
directly to this velocity. This work addresses the issue by
using a simple linear drag model that has been validated
experimentally in [15]. In [16], the authors developed a
nonlinear observer to estimate the attitude and the full
velocity in the body-fixed frame. However, their results

are only obtained through simulations, they assume the
power supplied to the motors is known, and they do not
estimate the aerodynamic model parameters (e.g., thrust
and drag coefficients) in a way such that they can be fed
back for control purposes.
The contributions of this paper are twofold. First,
we develop a filter to estimate the attitude and 3D
velocity of the quadrotor using only the IMU and a
known yaw angle. The yaw can generally be obtained
using magnetometers or integrating angular rates for
short term estimation. However, these methods are prone
to errors and drift. For example, it is well known that
magnetometers may suffer in proximity to high current
power lines and due to magnetic fields generated by
electric motors. Because of these problems, we provide
a sensitivity analysis quantifying the effects of using an
erroneous yaw value in the estimator. The results show
that the estimator provides a reasonable output when
dead-reckoning the yaw from the IMU, so the filter can
be used as a short-term fallback solution in the event
that the vision system fails (e.g., during a transition in
lighting). Moreover, the proposed filter formulation does
not prevent the incorporation of additional sources of
more precise and accurate information from cameras
and lasers. Second, we show a way to estimate the
parameters for the aerodynamic model proposed in [15],
[17] online. These parameters are propeller-dependent
and have been demonstrated to significantly change over
time (due to propeller damage, for instance), so it is useful to have a scheme that can re-estimate them once they
change without having to run tedious experiments for
system identification. We believe this filter solution can
provide a useful navigation solution for nano platforms
due to the size, computation, and payload constraints
and on larger scale vehicles in case of additional sensor
failures.
The paper outline is as follows. Section II introduces
preliminary notations and the Hopf fibration. Section III
presents an overview of the quadrotor’s aerodynamic
model. Section IV introduces an Unscented Kalman
Filter for the attitude, velocity, aerodynamic model parameters and accelerometer biases. Section V provides
experimental results for the filter and shows the effects
of a wrong yaw in the estimator through a sensitivity
analysis. Section VI concludes the paper and presents
future scenarios. A supplementary material [18] derives
a result for computing the parallel transport of a vector
on S 2 , as well as pseudocode for the algorithms.
II. P RELIMINARIES
We model the quadrotor using an inertial frame W
attached to the world which has the basis vectors e1

Fig. 2: The body-fixed frame of a quadrotor and the
fixed world frame.
pointing North, e2 pointing West, and e3 pointing upwards. Rigidly attached to the quadrotor is a coordinate
frame B, called the body-fixed frame, with basis vectors
b1 pointing in the quadrotor’s frontal direction, b2
pointing to the left of the quadrotor, and b3 pointing
in the direction of generated thrust. An illustration of
the frames W and B is shown in Figure 2.
The orientation of the
 quadrotor is represented by the
rotation matrix R = b1 b2 b3 ∈ SO(3). Orientations not corresponding to a 180◦ inversion (the case
when the quadrotor is upside-down) can be decomposed
into a tilt of the b3 axis, which is represented by a
point on the two dimensional sphere S 2 , followed by
a yaw about that axis, which is represented by a point
on the one-dimensional sphere S 1 . We will focus on the
estimation of tilt and assume that yaw can be obtained
independently from the IMU. This decomposition can be
described by the Hopf fibration,
and is shown

> in Figure
3. Given a vector b3 = b3x b3y b3z
∈ S 2 and
a yaw angle ψ, then, assuming b3z 6= −1, the rotation
matrix R can be computed as
R = Rtilt (b3 )Ryaw (ψ),

(1)
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III. M ODELING
We now describe the first-order drag aerodynamic
model of a quadrotor, adopted from [15]. The forces
acting on the quadrotor are shown in Figure 4. The
induced drag force D is given:
D = −kd ωs RP > vb ,

(4)

where m is the mass of the robot, g is the magnitude

of the gravity vector g and D = diag( kd kd kz ) is
a diagonal matrix containing the horizontal and vertical
drag coefficients.
The acceleration of the quadrotor in the body-fixed
frame, ab , is given by
1
1
kω ωss e3 − ωs Dvb − gR> e3 ,
(8)
m
m
where we have, for simplicity of notation, dropped the
dependence of the drag and thrust parameters on t.
Furthermore, we have the equation
ab =

Fig. 3: Almost all orientations in SO(3) may be decomposed into a tilt from the red frame into the green
frame, followed by a yaw from the green frame to the
blue frame.
where
kd is the drag proportionality constant, ωs =
P4
ω
is the sum of the motor speeds, vb =
 i=1 i
>
vbx vby vbz
is the velocity of the quadrotor expressed
in
the
basis
of the body-fixed frame, and P =


diag( 1 1 0 ) is a matrix that projects a vector onto
the x-y plane. The model for the thrust F is also given
by [15]
2
F = kω ωss − kz ωs vbz + kh vbh
,
(5)
P4
2
where ωss =
i=1 ωi is the sum of the squared
motor speeds, kω , kz andq
kh are positive proportionality
2 + v 2 . However, k
vbx
constants and vbh =
h is
by
insignificant at low to moderate speeds for our platform,
so we simplify the thrust model by removing the kh term

F = kω ωss − kz ωs vbz .

(6)

Thus, we have the model for the acceleration a of the
quadrotor
1
1
a = kω ωss b3 − ωs RDvb − ge3 ,
m
m

(7)

v = Rvb .

(9)

Taking the time derivative and left-multiplying by R>
provides
ab = R> Ṙvb + v̇b .
(10)
Furthermore, using the fact that R> Ṙvb = Ωb × vb ,
where Ωb is the angular velocity of the body-fixed
frame, expressed in the basis of the body-fixed frame,
we have
v̇b = ab − Ωb × vb .
(11)
Hence, we have
1
1
kω ωss e3 − ωs Dvb −gR> e3 −Ωb ×vb . (12)
m
m
The attitude “tilt” is represented by stereographic
coordinates (sx , sy ) on S 2 . Given a point b3 =

>
b3x b3y b3z
∈ S 2 such that kb3 k = 1 and
b3z 6= −1, the stereographic coordinates for that point
are obtained by projecting it onto the x-y plane through
the point (0, 0, −1), and are given
v̇b =

sx =

b3x
,
1 + b3z

sy =

b3y
,
1 + b3z

(13)

and the mapping from stereographic coordinates to b3
is given
2sx
,
1 + s2x + s2y
2sy
=
,
1 + s2x + s2y
1 − s2x − s2y
=
.
1 + s2x + s2y

b3x =
b3y
b3z

(14)

The derivatives for these coordinates as a function
of
 angular
> velocity in the body-fixed frame Ωb =
p q r
and the yaw angle can be obtained by
solving the equation:
Fig. 4: The forces acting on the quadrotor, as well as the
velocity and its components in the body-fixed frame.

d
b3 = (RΩb ) × b3 ,
dt

(15)

for ṡx and ṡy after substituting eq. (14) for b3 and eq. (1)
for R. The result is:
1
(16)
ṡx = (q cos ψ + p sin ψ)(1 + s2x + s2y ),
2
1
ṡy = (q sin ψ − p cos ψ)(1 + s2x + s2y ).
(17)
2
IV. S TATE E STIMATION
This section describes the outline of an Unscented
Kalman Filter to estimate the velocity and orientation
on S 2 . We denote the state x of the filter by

>
,
(18)
x = s> vb> k> b>
a

>
where s = sx sy
is a vector of the stereographic

>
coordinates of the vector b3 , k = kω kd kz
is
 a vector of>the drag coefficients, and ba =
bax bay baz is the vector of accelerometer biases.
For convenience, we denote the partition
>
 >of the>state>vec0
k
ba .
tor that does not include s by s = v
We denote by [ ˆ· ] an estimate of the quantity [ · ], such
as the state estimate x̂ or the estimate of the error
covariance P̂ . Furthermore, we denote the time of the
estimate with a subscript, such that at the kth time
step tk , we have the state estimate x̂k and the error
covariance estimate P̂k .
In order to estimate s using an UKF, we must know
how to compute the sigma points corresponding to the
covariance on the 2-sphere, S 2 . The covariance of s is
only defined on the tangent space of the 2-sphere, and
its components are numerically determined by a tangent
basis. As the estimate of s changes, we must parallel
transport this tangent basis on the manifold so that we
can compute the sigma points at each time step.
Fortunately, the parallel transport on S 2 using the
Levi-Civita connection corresponding to the metric induced by R3 is intuitive. In the supplementary material
[18], we show that parallel transporting a vector vp ∈
Tp S 2 to vq ∈ Tq S 2 along the geodesic from the point
p ∈ S 2 to the point q ∈ S 2 is the same as rotating
the vector vp by the rotation matrix Rqp that directly
rotates the vector p ∈ R3 representing the point p into
the vector q ∈ R3 representing the point q, that is
vq = Rqp vp , Rqp = exp(θpq [ω]× ),
3

(19)

where ω ∈ R is orthogonal to both p and q, and
θpq ∈ R is the angle of rotation from p to q. Furthermore, [ω]× ∈ R3×3 represents the skew-symmetric
matrix such that, for any vector v ∈ R3 , ω×v = [ω]× v.
We now describe the filtering algorithm. The current
tangent basis vectors at the kth time step tk , which
are obtained through parallel transport, are denoted txk

these vectors form the matrix Tk =
and tyk . Together,

txk tyk . When we compute the sigma points, we
do a Cholesky factorization of the covariance and then
express the sigma points using the current tangent basis.
So, if the
q covariance at time k is P̂k , then we compute
Lk = (n + λ)P̂k , where n is the dimension of the
state space and λ is a tunable parameter. For now, we
suppress the subscript k to simplify notation. L becomes


δ δ2 · · · δn
L = 10
,
(20)
δ1 δ20 · · · δn0
where δi represents the deviation of the ith sigma point
from the current rotation (ŝk ) on the tangent space of the
sphere, and δi0 represents the deviation of the ith sigma
point from the remainder of the state vector (ŝ0k ). The
first sigma point is X0 = x̂, and the remaining 2n sigma
points are represented, for i = 1, . . . , n




expŝ (T δi )
expŝ (−T δi )
Xi =
,
X
=
, (21)
n+i
s0 + δi0
s0 − δi0
where expŝ (·) maps a vector in the tangent space of ŝ
on the sphere to the manifold itself as follows. Given a
point p ∈ S 2 and a vector v ∈ Tp (S 2 ), the exponential
map finds the point q = expp (v) computed by traveling
a distance kvk along the geodesic in the direction of v.
This approach of performing computations directly on
the manifold is particularly useful for larger time steps
and larger values of λ. If the vector expression for the
point p is p and that of q is q, then we can construct a
rotation matrix Rpq to get q = Rpq p. Rpq is constructed
using Rodrigues’ formula, with the axis u and angle θ
p×v
u=
, θ = kvk.
(22)
kp × vk
The sigma points at the previous time step tk−1 ,
−
Xi,k−1 , are transformed into new sigma points Xi,k
using the nonlinear dynamics of the system, ẋ = f (x, u).
In these dynamics, we consider k as a constant and ba
as a random walk.
k̇ = 0,

ḃa = ηba ,

(23)

where ηba is Gaussian noise. The rest of the state
transforms according to the dynamics given by equations
(8) and (17).
The propagated sigma points Xi− may be partitioned
again into the rotation components
remainder
 Si and the
>
of the state, Si0 , so that Xi− = Si> Si0> .
The weighted mean of the Si ’s is computed
on the sphere to get ŝ− using the algorithm
W EIGHTEDAVG S PHERE, which is described in the supplementary material and is generalized for a larger class
of manifolds in [19].

The mean of the Si0 ’s are computed by a weighted
average to get ŝ0− . After averaging,
we have the a −>
0−> >
−
ŝ
. After uppriori state estimate x̂ = ŝ
dating the state, the orientation will lie at a different
point on the sphere. Since the covariance is expressed
with respect to the previous mean, we need to parallel
transport the tangent basis Tk−1 along the sphere to
get a new tangent basis, Tk− , in which we will express
the new sigma point deviations. The deviations of the
transformed sigma points are recomputed to calculate
the covariance P̂ − after the process update. For the
orientation component of the sigma points, this is done
by lifting the sigma points off of the manifold and into
the tangent space using the log map, which is the inverse
of the exponential map on the 2-sphere. We express the
new tangent vectors computed using the log map in the
basis T − . This is done by taking the dot product of each
basis vector in T − with the logarithms of the Si ’s
δi− = T −> logŝ− (Si ).

(24)

The log map is computed as follows: given two points
p and q on S 2 , with vector representations p and q,
we wish to find the vector v = logp (q) ∈ Tp (S 2 )
whose direction and magnitude represent the direction
and length of the geodesic from p to q. Assuming that
kvk < π, then we can compute the direction v̂
v̂ =

(p × q) × p
, kvk = cos−1 (p · q).
k(p × q) × pk

(25)

After computing the deviations δi− , the deviations of
the remainder of the state vector δi0− are just computed
by taking the difference Si0 − ŝ0− . The covariance is
recomputed by taking the weighted outer product of
the deviations, and adding the process noise covariance
matrix Q
 −
n
X

δi  −>
−
P̂ =
wci 0−
(26)
δi
δi0−> + Q.
δi
i=0

We transform the sigma points Xi− into the measurement
space to generate new sigma points Yi
Yi = h(Xi− ),

(27)

where h is the measurement transformation describing
the accelerometer measurement as a function of the state
kω
ωs
h(x̂) =
ωss e3 −
Dvb + ba .
(28)
m
m
We may then compute the mean ŷ and covariance P̂yy
of the sigma points Yi , the cross covariance P̂xy , and the
Kalman gain K. Then, we can compute the state correction, ∆x = K(y − ŷ). This correction is partitioned

into an orientation correction ∆s and a correction on the
remainder of the state ∆s0 . The correction ∆s lies in
the tangent space of S 2 at ŝ− , so we compute the new
orientation ŝ = expŝ− (T − ∆s ). The remainder of the
state vector is updated by adding ∆s0 to ŝ0− . Finally, we
update the covariance and parallel transport the tangent
basis T − to the new tangent basis T to account for the
measurement update.
V. E XPERIMENTAL R ESULTS
In this section, we report on the experiments performed at the PERCH lab (Penn Engineering Research
Collaborative Hub) at the University of Pennsylvania
indoor testbed. The total flying area volume is 20 × 6 ×
4 m3 . A Vicon 1 motion capture system with 20 cameras
running at 100 Hz is used for ground-truth. Experiments
were performed using data collected on an Ascending
Technologies Hummingbird outfitted with an Odroid
XU-4, where the high-level control was performed. The
yaw is obtained from the motion capture system.
We now list the UKF parameters. The state is initialized to the zero vector. All covariances are diagonal.
The initial tilt and velocity covariance entries are all
0.01, and the units for the tilt are radians and those
for velocity
are m/s. The initial covariance
entries for


k are 1.0e-08 1.0e-12 1.0e-08 . kd and kz have
kg·N
kg·N
, while kω has units of RPM
units of RPM·m/s
2 . The
initial covariance entries for ba are 0.1, and the units
for bias are m/s2 . The entries of the process noise
covariance are 1.0e-03 for the
 tilt, 0.1 for the velocity,
1.0e-14 1.0e-20 1.0e-14 for k, and 1.0e-03 for the
accelerometer bias. Finally,the measurement
 covariance
for the accelerometer is 0.2 0.2 0.5 . The UKF
parameters α, κ, and β are 0.1, 0, and −2, respectively.
A. Trajectory Trials
Figures 5 and 6 overlay the estimated attitude and
velocity, respectively, for 14 trials of a Lissajous trajectory. The RMS and standard deviations of the error
are shown for the filter in Table I. Figure 7 shows the
velocity errors for a 520 second run of the filter on the
Lissajous trajectory. The Lissajous has the same form
as in Figure 6, but over a longer duration. Figure 8
shows the estimated aerodynamic model parameters for
the same experiment. Note that the kω estimate decays
over time. This is because the RPM output reading from
the vehicle depends on battery voltage. Thus, although
k̇ = 0 in theory, in practice some process noise can be
added to compensate for these effects. The performance
of the algorithm is also evaluated considering the CPU
1 http://www.vicon.com/

Fig. 5: S 2 attitude components estimated by our filter compared to ground truth during 14 repeated autonomous flight trials.

Fig. 8: Aerodynamic model parameters for the 520 s run
of the Lissajous trajectory.
time on a i7 laptop and an Odroid XU-4 as shown in
Table II. The algorithm is suitable for computational
limited CPUs.
RMS
STD

vx
0.417
0.406

vy
0.618
0.366

vz
0.432
0.312

v total
0.862
N/A

sx
0.0118
0.0112

sy
0.0166
0.0124

s total
0.0204
N/A

TABLE I: RMS and standard deviation of velocity and
attitude errors during autonomous flight.
CPU time (ms)
prediction
update

Laptop i5
0.111
0.0223

Odroid XU-4
0.219
0.0488

TABLE II: Performance comparison on different CPUs.
B. Sensitivity Analysis
Fig. 6: Velocity estimated by our filter compared to
ground truth during repeated trials of autonomous flight.

Fig. 7: Velocity errors for the Lissajous trajectory during
a 520 s trial.

As previously mentioned, the estimator requires a
known yaw angle as defined in Section II. However,
the yaw is subject to drifts and errors when estimated
using dead reckoning from the IMU or magnetometers.
To quantify the effect of a wrong yaw estimate on
the stereographic coordinates, we propose a sensitivity
analysis based on the yaw estimated from the IMU and
evaluate the result with respect to ground truth. We
perform the analysis by linearizing equation (17) and
evaluating the Jacobians at the current state
˙ = Js δs + Jψ δψ,
δs
(29)



∂
∂
where Js = ∂s
ṡ |s=s∗ ,ψ=ψ∗ , Jψ = ∂ψ
ṡ |s=s∗ ,ψ=ψ∗ ,
∗
∗
s is the current tilt, ψ is the ground truth yaw, δs =
s − s∗ is the error in the estimate of s, and δψ = ψ − ψ ∗
is the error in the dead-reckoned yaw ψ output by
the IMU with the yaw ψ ∗ obtained from Vicon. To
compute δs in eq. (29), we discretize the system using
a first order Euler approximation. At each time step,

we evaluate the Jacobians at s∗ . The resulting plot of
stereographic coordinate errors and the corresponding
tilt angle error (the angle between the two points on S 2 )
is presented in Figure 9 for the first minute of the 520
second-long test in Figure 7. The analysis shows that
the results are similar to the estimated ones. Within the
first 40 seconds, the maximum tilt angle error is around
5 degrees, showing the robustness to yaw errors.

Fig. 9: Predicted tilt error (red) using the yaw obtained
from the IMU, compared with the actual tilt error (blue).
VI. C ONCLUSION
In this work, a novel velocity and attitude estimator
was developed and its performance was demonstrated
during repeated autonomous flights. The proposed solution can provide benefits to the autonomy of nano scale
platforms due to their limited sensor payload and lower
robustness against sensor failures than larger vehicles.
Future works involve comparing this solution to other
nonlinear observers. We are also interested to extend
the filter by adding angular velocity to the state vector
and the differential motor speeds (roll, pitch, and yaw
moments) as inputs to the system. This will allow for
estimation of the inertia tensor as well.
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